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Terminology· Let (X
,
B

,M) be a measure space and let P be a property of points in X.

We say that

a
. e

. point xEX satisfies ↑306X : x satisfies Ph is wall
↑ holds a . s. Calmost surely)
P holds a . c

.
Calmost everywhere

P holds for M-positive set of points inX L - measurable set of

points of positive measure for whichP holds,

Prop(Ctb1 pigeonhole) .
Ut (X

,
B

, M) be a Definite measure space
and let

I be an almost disjoint collection of sets of positive measure .

(Almost disjoint
means that any two distinct A

,
BEC have will intersection) Then & is ctbl.

Proof
. First suppose M is finite.

The Beatles "A day in
my
life".

And though the holes were rather small,
The had to count the all.

let In := >Act : M(A) >-Eb
·

Then each to is finite
,
in fact InkM.

But C
=Ven ,

houce t is utbl.

Now assure h is finite so X = nEX)
,
where X-CB andMak*

ine En ==>Att : MIA1Xa)303 is ctbl by what we've proved already,
and = -En sinu if ARXu in wall for all n When A is wall.

Mis E IN
2 is chol.

Corollary (Measure exhaustion) .
Let IX

,
B

,
a) be a Definite measure space

and letalacro
,

be an increasing sequence of measurable auts,



Then this sequence stabilizesot abl ordinal
,

i
.

e
.

5 ctbl Ordinal Bow ,
st. GTB Ad =Ap Lie

. AnhAp is wall)-

Proof. Disjoint andepigenhAAASi : 2017 is a disjoint collection ,
so all butthl

so B is still a util ordinal .

Remark
.

The last corollary allows using greedy algorithms no exhaust the
space.

Def
.

Let IX
,

B
, c) be a measure space. A set AGB is called an atom

it MIA)>O but I measurable snbat BLA will OCM(B) <MIA).
A measure space

(
,
B
,
u) is atomless if it has no atoms.

Sierpinski's Theorem .

In an atomless measure space
(X

, B, M) , every
value re20

, M(X)] is achieved by M ,
.

.

e
.

for each reco
,u(x],

there is BELS with h(B) = r.

Proof. We first proves

Claim 1
. Every normall XIEB contains arbitrarily small sets of positive measure.

Poof
.

Because X isn't an atom
,

Here is XoEX with Och(X) <M(X)**

Suppose Xu is defined
,

let Y = Xn with OCM(Y) <M(X) .

The

either Mi = EMIXu) or MIXuhith/Xu) ,
and let Xue be one

of Y or Xalk so let exual M(X) · Thus we get (Xa) = &

Y
x- with PcM/Xa)-tM(X) (Claim 1

let re(0
, M(x) and let Br := [BEB : PcM(B) < r) .

Let

r : = sup (h(B) : B = Br).
If this supremum

' is achieved by some BeBr
,
i

.
e

. MCBL = r
,

the



r' = r becase otherwise we could take a set AIXIB with OGMAKEVI
and ALB would have measure >MCALB) <V

, contradicting the

def of r : Thus
,

it remains to prove the following :

Clim2. There is BeBr with MlB) = r·

Proof
1. Suppose towards a contradiction there is no such aut

We do measure exhaustion : by transfinite induction define a sequence

(Balacio
,

of pairrise disjoint sets so Rat V BC Br and MIBLO.
This yields a contradiction as in the proof daB ofbl pigeonhole
for a finite measure

,

while were we use that MaBa) r FBW ,

We leave the details as an optional exercise. (Proof 1)

Proof 2 It-greedy measure exhaustion). We inductively define a sequence (Bulne
of pairwise disjoint sets of positive measure with M)Ll Bular' for all KEIN

as follows : take BoElr neue OcM(Bol < r!

Suppose (Bilian is defined
.

We take BuEXLL Bi so that

OcMIBular- MIB) but Be is of Rish available measure,
i

.
l .

M(Bu) = tsp(B = B : 0xM(B)( - M(Bi)).
We check Not Ba : = 4 Bu then M(Ba = r . Indeed

,
firstly , MIBa)

=limM(Bu NeN by monotoe vergene, 1 Ba=

If MIBa) > r
,
Ken F B' = X (Ba with OcM(B) <r-M(Ba).

Butmote ht ZM(Bul = M) BaL +Lave limulBu) = 0
,

so there is

new with MlBul < GMIB) , contradicting
n+ 0

our E-gredy hoice
of the set Bu. (Claim2)

(Therea



Regularity and righten of measures.

let X be a metric space
and let be a Borel measure on X

,
i.e

.
B= BIX).

Def
, M is said to be

lis regular if for every
measurable set B,

Plis) = inf(M(U) : U = Bopen) (outer regular
= sup (M(C) : C=B closed) (inner regular

Ill strongly regular if for
every measurable st B,

D = inf(M(47B) : U = B open
= int <M/BIC) : CFB closed) .

Observation
.

For finite measure spaces , regularity and strong regularity are equivalent.

By definition
,

we know he each measurable set A is contained and contains
Borel setz B, und Bo with Bo =M A =MBs · Strong regularity gives something
stronger :

Observation
.

If Me is strongly regular, then for each measurable set A
,

there
are aGr set G and Fo-set F with FEAEG so that FirAnd.

Proof
.

Let UnE A be open with MIUnA)h ,
so Get Un in Go and

M(UnA)MUmAc-0 as md Similarly wi dolce he


